This paper studies o-polynomials, that is, polynomials which represent hyperovals in Desarguesian projective planes of even order. We present theoretical restrictions on the form that o-polynomials can have, and we determine the number of o-polynomials corresponding to each of the known classes of hyperovals (other than Cherowitzo's). We use this to give the number of known o-polynomials for the fields of orders 4, 8, 16 and 32. Exploratory computer searches for o-polynomials for fields of small orders greater than 16 are reported.
Theoretical results
Let PG(2, q) be the projective plane over the field GF{q) of order q, where q is a power of a prime p . A hyperoval of PG{2, q) is a set of q + 2 points, no three of which are collinear. An account of hyperovals appears in [5] , but here we note a few relevant definitions and results. Firstly, hyperovals exist in PG (2, q) if and only if q is even. A hyperoval is regular if it contains q + 1 points which are the points of a non-degenerate conic in PG (2, q) . Conversely, the points of a non-degenerate conic together with a unique further point called the nucleus of the conic provide an example of a hyperoval.
By the transitivity of the collineation group PTL (3, q) of PG(2, q) on quadrangles, every hyperoval can be mapped by an element of PTL (3, q) to one containing the fundamental quadrangle ( 1 , 0, 0), (0, 1, 0), (0, 0, 1) and ( 1 , 1 , 1 ) . A hyperoval which is the image under an element of / T L ( 3 , q) of a hyperoval & is equivalent to %?.
We therefore restrict our attention to PG{2, q) with q > 2 and consider only hyperovals which contain the fundamental quadrangle. The next result shows that these are related to permutation polynomials, that is, polynomials which are permutations when regarded as polynomial functions. Permutation polynomials which arise in this way are called o-polynomials following Cherowitzo [1] , and o-polynomials arising from equivalent hyperovals will be called equivalent. If / is an o-polynomial then /(0) = 0 and / ( I ) = 1 imply that / has no constant term and that the sum of the coefficients of / is 1. Other results concerning the terms appearing in an o-polynomial are the following three theorems. The main source of importance for this partial ordering is the following version of the binomial theorem in fields of characteristic 2:
Another way of stating this is where n = a l + a 2 H \-a k and the a ; are distinct powers of 2. Note that the case b = 1 gives the result of Theorem 1.3. In addition, this condition can be analysed to give further equations relating the coeificients of / as follows. 
The ratio of the coefficient of
) (a 2/ ./a 27 ) for 5 e GF(q) -{0}. Since (i -7, ? -1) = 1, the ratio takes on q -1 distinct non-zero values in the q -1 o-polynomials f s equivalent to / , and the result follows.
When conducting a computer search for o-polynomials and using this theorem, each o-polynomial with a 2i = a 2J , non-zero, gives rise to q -1 o-polynomials. The number of o-polynomials can be enough to characterize the hyperovals by using the ideas of Theorem 1.8 below.
is a prime then there are no binomial opolynomials representing hyperovals in PG(2, q).
is a binomial o-polynomial for PG (2, q) and that (/ -j , q -1) = 1. The theorem implies that / is use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700034601 [5] equivalent to the o-polynomial f s (x) = ax 2 ' + ax 2j . But f s (l) = 1 means that a + a = 1, a contradiction since when q is even, a + a = 0 for any a e GF(q).
For example, q = 8 and q = 32 have q -1 prime so hyperovals in PG (2, 8) or PG{2, 32) can never have a binomial o-polynomial.
An o-polynomial defined over a proper subfield has further restrictions, as remarked in [3] . PROOF. If / is considered to be a polynomial over GF(q), then it is an o-polynomial for PG (2, q) , since it defines a set of points, no three collinear, of the correct cardinality. It follows that / = g (modx 9 + x) for some opolynomial g for PG{2, q). By Theorem 1.3 both / and g are squares,
) for some polynomial r(x), since / is a square.)
Another useful observation, due to Cherowitzo [1] , is that if Yl%i
x2 ' is an equivalent o-polynomial, where a is any automorphism of GF{q).
These results can be used to conduct a computer search for o-polynomials, particularly in small fields. An exhaustive list of o-polynomials for a given value of q constitutes a means of characterization of the hyperovals of PG(2, q) for that value of q. For this purpose, it is useful to know how many o-polynomials are equivalent to a given o-polynomial. This depends on the particular hyperoval, as is shown in the next result. (1, 1, 1) . Let the o-polynomial of %? be f and let G denote the stabiliser of %* in PTL (3,q Let X be a hyperoval containing the fundamental quadrangle Q and with o-polynomial / . The group of projectivities which stabilises Q has order 24, and any of its elements maps ^ to an equivalent hyperoval. Using this observation, Cherowitzo [1] gives a list of images of the point (1, t, f(t)) which implicitly define 24 o-polynomials equivalent to / . In particular he finds the o-polynomials of Theorem 1.9. THEOREM 1.9 [1] .
The following polynomials g are o-polynomials equivalent to a given o-polynomial f:
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700034601 By Corollary (2) to Theorem 1.8 there are q + 2 o-polynomials equivalent to / , and the proof is complete. (2, 4) has only terms with even powers of x appearing, has degree at most ^-2 = 2 and has the sum of coefficients equal to 1. Since f(x) -x 2 is an opolynomial the result follows.
O-polynomials for
COROLLARY. The stabiliser of a regular hyperoval in PG (2, 4) has order 720, is isomorphic to S 6 and acts naturally on the points of the hyperoval.
PROOF. By Theorem 1.4 and (2) above, the stabiliser G of a regular hyperoval ; r in PG{2, 4) has order 2(4 + 2)(4 + 1)4(4 -1). We have a use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700034601 [9] homomorphism from G into S 6 with kernel the pointwise stabiliser of J " , which is trivial. To see that it is onto, note that the orders of G and S 6 In fact the stabiliser of the Lunelli-Sce hyperoval was first found in [11] , without using Hall's result. This was used, together with Theorems 1.5 and 1.8 to prove Hall's result without a computer [7] .
O-polynomials for PG{2, 32)
The hyperovals in PG (2, 32) have not yet been classified, and as a consequence the number of o-polynomials for PG(2, 32) is unknown.
There are 5 known classes of hyperovals in PG(2, 32), giving a lower bound on the number of o-polynomials. The regular hyperovals provide 34 o-polynomials, the irregular translation hyperovals provide 1122 and the hyperoval 3f(x 6 ) gives rise to 11,968. The Payne hyperovals provide 556,512 o-polynomials and the Cherowitzo hyperovals give rise to 1,113,024.
The search space for o-polynomials for PG (2, 32 ) is at present too large for an exhaustive computer search to be justifiable. However, the following smaller searches have been made, with all o-polynomials found coming from one of the above 5 classes: -polynomials with coefficients in GF{2) ( [1, 3] ); -polynomials with one term ( [2] ). These two searches were repeated, as well as -polynomials with 2 to 4 terms; -some polynomials with 5 terms.
Computer searches for hyperovals, q > 32
The following spaces of polynomials over GF(q) were searched for opolynomials. In each case, any o-polynomials found correspond to a hyperoval belonging to one of the known classes. 
